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0. Introduction
During the last 40 years the theory of nearrings and related algebraic structures like
nearelds, nearmodules, nearalgebras and seminearrings has developed into an extensive
branch of algebra with its own features. In its position between group theory and ring
theory, this relatively young branch of algebra has not only a close relationship to
these two more well-known areas of algebra but it has, just as these two theories, also
very intensive connections to many further branches of mathematics.
The latest bibliography [5] about nearrings and related structures which came out at
the end of 1996 contains 1781 publications from all together 417 authors. There are
now four books in this eld available by the authors Pilz [13], Meldrum [12], Wahling
[17], Clay [3].
Endomorphism rings on abelian groups are well known and play an important role
in algebra. This paper deals with an analogous concept for nonabelian groups, the
endomorphism nearrings. Investigations of these nearrings are at the origin of nearring
theory at all.
The purpose of this paper is, as was the purpose of the invited lecture by the
second author on which the paper is based, to introduce the reader to the theory of
endomorphism nearrings. This is done by explaining and motivating rst the basic
notions and giving then some general results. In the second part of the paper we deal
with two important problem areas concerning endomorphism nearrings.
We start with dening transformation nearrings, endomorphism nearrings and dis-
tributively generated nearrings. In Section 2 we present some results on distributively
generated nearrings in a slightly more general form than in the literature.
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For Section 3 we have choosen a problem area at the seam between nearring theory,
group theory and ring theory. We ask about the possibility of endomorphism nearrings
on nonabelian groups being rings. In particular, we deal with several characterizations
of those groups which have the property that the inner automorphism nearring is a ring
or even a commutative ring.
In the last section we report on recent results which we obtained in collaboration
with S.A. Syskin. We announce three very general theorems about the endomorphism
nearrings on certain nite groups, the proofs of which we will publish in two separate
papers. In this paper we apply these three theorems and previous results to obtain
information about the endomorphism nearrings on permutation groups and on linear
groups.
1. Endomorphisms and transformation nearrings
Familiar mathematical structures are the endomorphism rings (EndG;+; ) deter-
mined by a given abelian group (G;+). Endomorphism rings, i.e. subrings of rings of
the form (EndG;+; ) are very general because every ring can be embedded into a
ring (EndG;+; ) for a suitable abelian group (G;+).
What went into making EndG a ring? Addition is taken pointwise and as multipli-
cation is taken composition of mappings, i.e. for ; 2EndG
+  is dened by g(+ ) = g+ g
and
   is dened by g(  ) = (g) for g2G:
That the sum +  of two endomorphisms  and  is always again an endomorphism
requires the commutativity of the group operation (see Proposition 1:5). Thus for non-
abelian groups endomorphism rings are not dened. The reasons for the two distributive
laws which hold in the ring (EndG;+; ) are very dierent. If ; ; 2EndG then the
left distributive law
  (+ ) =   +   
holds because of the denition of the addition in EndG. However, the right distributive
law
(+ )  =   +   
holds because  is an endomorphism. To verify both laws the commutativity of the
group (G;+) is not used. Finally, we note that the denition of the sum  +  and
the product    does not require that the mappings  and  of G into itself are
endomorphisms. Thus one is led to the following concept.
Denition. For a given group (G; ) let (M (G);+; ) be the set of all mappings from
G to G with pointwise addition and with composition of mappings as multiplication,
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i.e. with + and , where for ; 2M (G)
+  is dened by g(+ ) = g  g
and
   is dened by g(  ) = (g) for g2G:
Then one veries easily that (M (G);+; ) is a nearring in the sense of the following
denition.
Denition. A nearring is a triple (N;+; ), where N is a set and where + and  are
binary operations on N , such that
(i) (N;+) is a group,
(ii) (N; ) is a semigroup,
(iii) c  (a+ b) = c  a+ c  b for all a; b; c2N .
Thus nearrings satisfy all the axioms a ring satises except for two: commutativity
of addition and one of the distributive laws. These nearrings are sometimes called
left nearrings because they satisfy the left distributive law (iii) in contrast to right
nearrings satisfying instead the right distributive law
(iii)0 (a+ b)  c = a  c + b  c.
Of course, left and right nearrings are totally interchangeable notions. That (M (G);
+; ) is a left nearring has its roots only in our convention that the product    is
dened by the rule ‘to the argument apply rst map  and then map ’ and not, as is
more common in mathematics, the other way round.
The nearring (M (G);+; ) is called the full transformation nearring on G. This
nearring has the identity function idG on G as multiplicative identity. In general, a
transformation nearring on G is dened to be a subnearring of the full transformation
nearring on G.
We remark that, in spite of the fact that the operation in the given group is used
to dene the addition in M (G), we mostly prefer to write the given group (G; )
multiplicatively, because later these groups will be, for example, certain linear groups
consisting of square matrices where the group operation is matrix multiplication and
not matrix addition.
Transformation nearrings are very general because every nearring is isomorphic to
a transformation nearring, i.e. every nearring can be embedded into a nearring of the
form (M (G);+; ) for a suitable group (G; ).
For a given group G and for g2G let g 2M (G) denote the constant map dened
by xg = g for all x2G. Then, of course, 1 is the additive identity of (M (G);+; )
and we have   g = g and g  = g for all 2M (G). A very easy to understand
nearring is the subnearring
Mc(G) = fg j g2Gg= f2M (G) j 1   = g= f1   j 2M (G)g
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of all constant mappings of G into itself because (Mc(G);+; ) is naturally isomorphic
to the so-called trivial constant nearring (G;+; ) on G, where addition is the group
operation and multiplication is dened just by a  b = b for all a; b2G. We have
mentioned Mc(G) at all because the full transformation nearring M (G) splits up into
the sum of the subnearring M0(G) and the subnearring Mc(G) where
M0(G) = f2M (G) j 1 = 1g= f2M (G) j 1   = 1g
= f− 1   j 2M (G)g
is the subnearring of M (G) of all maps which x the identity of G. Actually, the
additive group (M (G);+) is a semidirect sum of (M0(G);+) by (Mc(G);+), i.e. M0(G)
is a normal subgroup of M (G), Mc(G) is a subgroup of M (G), M0(G)\Mc(G)=f1g,
and M0(G) + Mc(G) = M (G). Of course, M0(G) is the only interesting summand in
this decomposition. M0(G) is a zero-symmetric nearring in the sense of the following
denition.
Denition. A nearring (N;+; ) is called zero-symmetric if 0  b= 0 for all b2N .
It is easy to see that if  is an endomorphism of (G; ) then
(+ )  =   +   
and if  is an antiendomorphism of (G; ) then
(+ )  =   +   
for all ; 2M (G). Thus  is a distributive element of (M (G);+; ) and  is an
antidistributive element of (M (G);+; ) in the sense of the following denition.
Denition. Let (N;+; ) be a nearring. An element d2N is called distributive if
(a+ b)  d= a  d+ b  d
for all a; b2N . An element e2N is called antidistributive if
(a+ b)  e = b  e + a  e
for all a; b2N . (N;+; ) is called distributive if all elements of N are distributive.
Finally, (N;+; ) is called abelian if the group (N;+) is abelian.
Thus distributive abelian nearrings are the same as rings. Let Nd denote the set of
all distributive elements of (N;+; ). It is easy to see that e2N is antidistributive if
and only if the negative −e is distributive. Thus −Nd is the set of all antidistributive
elements of (N;+; ). It follows also easily that (Nd ; ) and (Nd [ (−Nd); ) are sub-
semigroups of (N; ) with zeroelement 1. Next, we identify all distributive elements
of M (G) and of M0(G).
Proposition 1.1. For the nearrings M (G) and M0(G) we have
M (G)d =M0(G)d = EndG:
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Proof. Certainly M (G)d M0(G)d. For g2G let ^g 2M0(G) be the map dened by
1^g = 1 and x^g = g for all x2Gnf1g. Then 2M0(G)d implies (^g + ^h)   =
^g  + ^h   for all g; h2G. Applying this map to an arbitrary element of Gnf1g we
obtain 2EndG.
It follows that
−(M (G)d) =−(M0(G)d) =−EndG;
i.e. the set of all antidistributive elements of (M (G);+; ), the set of all antidistributive
elements of (M0(G);+; ) and the set of all antiendomorphisms of (G; ) coincide.
Whereas (EndG; ; idG) is a submonoid of (M (G); ; idG), the set EndG is, in
general, not closed under addition or under taking the negative. Here we have the
following result.
Proposition 1.2. Let ;  be endomorphisms of a group (G; ). Then are equivalent:
 + 2EndG;
 x  y= y  x for all x; y2G.
Moreover; in this case x  x= x  x for all x2G; i.e. + = + .
Also; are equivalent:
 −2EndG;
 + 2EndG;
 x  y= y  x for all x; y2G.
Proof. + 2EndG means
(y  x)(+ ) = y(+ )  x(+ ) for all x; y2G;
which is equivalent to
y  x  y  x= y  y  x  x; i:e: to x  y= y  x:
The last equation yields for all x = y, in particular,
x  x= x  x; i:e: + = + :
The second equivalence, being in part a special case of the rst, follows by a similar
argument.
Proposition 1.2 has an immediate consequence.
Corollary 1.3. If the subset F of EndG is closed under addition then (F;+) is an
abelian semigroup.
The next result follows from Proposition 1.1 and Corollary 1.3.
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Proposition 1.4. Let (F;+; ) be a subnearring of (M (G);+; ) such that F EndG.
Then (F;+; ) is a ring.
Finally, from Proposition 1.2 mainly and from Proposition 1.4 follows our last result
in this series.
Proposition 1.5. For a group (G; ) are equivalent:
 (G; ) is abelian;
 EndG is closed under addition;
 idG + idG 2EndG;
 EndG is closed under taking the negative;
 −idG 2EndG;
 (EndG;+) is a subgroup of (M (G);+);
 (EndG;+; ) is a subnearring of (M (G);+; );
 (EndG;+; ) is a subring of (M (G);+; ).
2. Endomorphism nearrings and distributively generated nearrings
Whereas transformation nearrings can be considered as a rst rough generalization
of endomorphism rings, a more appropriate generalization is contained in the following
denition.
Denition. For a given group (G; ) let (E(G);+; ) be the subnearring of (M (G);+; )
generated by the subset EndG of M (G). E(G) is called the full endomorphism nearring
on G. In general, an endomorphism nearring on G is a subnearring of M (G) generated
by a subset D of EndG.
Besides E(G) two important endomorphism nearrings on G are the subnearring A(G)
of M (G) generated by the automorphism group AutG of G and called the automor-
phism nearring on G and the subnearring I(G) of M (G) generated by the inner auto-
morphism group InnG of G and called the inner automorphism nearring on G. Finally,
let P(G) be the subnearring of M (G) generated by fidGg and called the prime ring
on G.
It is clear that
P(G)6I(G)6A(G)6E(G)6M0(G)6M (G);
where 6 means here ‘is a subnearring of’.
Strictly speaking, the name endomorphism nearring is a misnomer as, in general,
not all elements of such a nearring are endomorphisms. From Proposition 1.5 follows,
that if the group (G; ) is not abelian, then every transformation nearring on G contain-
ing idG does not consist entirely of endomorphisms. Yet, we shall see soon that each
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element of an endomorphism nearring is a nite sum of endomorphisms and antiendo-
morphisms. From Proposition 1.5 follows also that E(G) = EndG if and only if (G; )
is abelian. So only in this case, all endomorphism nearrings are rings consisting en-
tirely of endomorphisms. Nevertheless, endomorphism nearrings on nonabelian groups
(G; ) can be rings with identity idG. A very simple example is P(G) which we treat
next. As we shall explain later there exists even nonabelian groups (G; ) such that all
endomorphism nearrings on G are rings, or said equivalently, such that E(G) is a ring.
As usual we denote for n2Z and 2M (G) by n the multiple in the group
(M (G);+), i.e. we have x(n) = (x)n for all x2G. Then n idG is just the power
function G ! G, x 7! xn and n=   (n idG). It is easy to see that
P(G) = fn idG j n2Zg
and that P(G) is, in fact, a subring of (M (G);+; ). The structure of the ring
(P(G);+; ) is also clear.
If the group (G; ) has nite exponent m then P(G) is isomorphic to Zm, the ring of
integers modulo m, and if G does not have nite exponent then P(G) is isomorphic
to Z, the ring of integers. It can be shown that a group G is abelian if and only if
P(G) = I(G) and also that G is cyclic if and only if P(G) = I(G) = A(G) = E(G).
To describe the structure of endomorphism nearrings it is better to consider a
corresponding ‘abstract’ notion.
Denition. A nearring (N;+; ) is called distributively generated, often abbreviated
d.g., if there exists a subset D of the set Nd of all distributive elements of (N;+; )
such that the subnearring (NghDi;+; ) generated by D is equal to (N;+; ). More
precisely, (N;+; ) is then said to be d.g. by D.
Thus endomorphism nearrings are d.g. nearrings. It is clear, that if (N;+; ) is d.g.
by D, then it is also d.g. by every set T with DT Nd. In particular, (N;+; ) is
then d.g. by the semigroup (SphDi; ), where (SphDi; ) denotes the subsemigroup of
(Nd ; ) generated by D. In the literature d.g. nearrings are always dened as nearrings
generated by a subsemigroup (S; ) of (Nd ; ). We shall see the reason for this way of
phrasing the denition of d.g. nearrings in the next Proposition. But rst we prove a
Lemma. We use the following notation. For T N let (GphT i;+) denote the subgroup
of (N;+) generated by T .
Lemma 2.1. Let (N;+; ) be a nearring. If C N and DNd then
GphCi  GphDiGphC  Di:
Proof. For a =
Pm
i=1 ici 2GphCi, where i = 1, ci 2C for i = 1; : : : ; m and
b=
Pn
j=1 jdj 2GphDi, where j=1, dj 2D for j=1; : : : ; n follows using rst the left
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distributive law and then the fact that all dj 2Nd
a  b=
 
mX
i=1
ici
!

0
@ nX
j=1
jdj
1
A= nX
j=1
j
 
mX
i=1
ici
!
 dj =
nX
j=1
j
 
mX
i=1
i(ci  dj)
!
:
Since all ci  dj 2C  D, we get that a  b2GphC  Di.
Proposition 2.2. Let (N;+; ) be a nearring and (S; ) a subsemigroup of (Nd ; ). Then
the subnearring NghSi of (N;+; ) generated by S has the same elements as the
subgroup GphSi of (N;+) generated by S; i.e.
NghSi=GphSi=
(
mX
i=1
isi jm2N; i =1; si 2 S for i = 1; : : : ; m
)
:
Proof. The statement is proved if we show that GphSi is closed under multiplica-
tion. This follows if we set C = D = S in Lemma 2.1 and note that S2 S implies
GphS2iGphSi.
Thus a nearring (N;+; ) d.g. by a semigroup (S; )(Nd ; ) consists of all nite
sums, where each summand is a distributive or antidistributive element taken from the
semigroup (S [ (−S); ). So, for example, the automorphism nearring A(G) on a group
(G; ) consists of all nite sums of automorphisms and antiautomorphisms.
Proposition 2.2 has the following consequence.
Corollary 2.3. Let (N;+; ) be a nearring and D a subset of Nd. Then for the sub-
nearring NghDi of (N;+; ) generated by D we have
NghDi=NghSphDii=GphSphDii:
As a typical example how the last corollary can be used, we prove the next corollary.
Corollary 2.4. A d.g. nearring (N;+; ) is zero-symmetric.
Proof. There is by Corollary 2.3 a set DNd such that N =NghDi=GphSphDii. For
all c2N follows c =Pmi=1 isi, where i =1; si 2SphDi for i = 1; : : : ; m and thus
0  c = 0 
 
mX
i=1
isi
!
=
mX
i=1
i(0  si) = 0:
The concept of a d.g. nearring which encompass also nearrings that are not isomor-
phic to endomorphism nearrings is logically between that of a general nearring and
that of a distributive nearring since a d.g. nearring has more distributivity built in than
a general nearring but less than a distributive nearring. In the following we investigate
how the two axioms which distinguish rings from nearrings are related in the presence
of this particular degree of distributivity, i.e. when considering d.g. nearrings. To that
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end we rst identify a subnearring of a given d.g. nearring which plays a certain role
in the next results.
Proposition 2.5. Let (N;+; ) be a nearring d.g. by the semigroup (S; ). Then the sub-
nearring NghN 2i generated by the set N 2 =N N of all products of any two elements
of N is d.g. by the semigroup (S2; ). Moreover;
NghN 2i=GphN 2i=GphS2i=NghS2i
=
(
mX
i=1
aibi jm2N; ai; bi 2N for i = 1; : : : ; m
)
:
Proof. As (S2; ) is a subsemigroup of (S; )(Nd ; ) we obtain by Proposition 2.2 that
GphS2i= NghS2i is d.g. by the semigroup (S2; ). Again by Proposition 2.2 and from
taking C = D = S in Lemma 2.1 we get
N  N =GphSi  GphSiGphS2i:
This implies GphN 2i=GphS2i.
Since N 2GphN 2i and GphN 2i= GphS2i= NghS2i is a subnearring of (N;+; ) it
follows that
NghN 2i=GphN 2i=GphS2i=NghS2i
=
(
mX
i=1
aibi jm2N; ai; bi 2N for i = 1; : : : ; m
)
;
where the last equality follows from −(N 2) = N  (−N ) = N 2.
Proposition 2.6. Let (N;+; ) be a distributive nearring. Then for all a; b; c; d2N we
have
a  b+ c  d= c  d+ a  b;
i.e. the elements of N 2 commute under addition. Thus;
NghN 2i=GphN 2i=
(
mX
i=1
aibi jm2N; ai; bi 2N for i = 1; : : : ; m
)
is a ring.
Proof. The rst statement follows from expanding (a+c)  (d+b) in two ways using the
two distributive laws in dierent orders. The set equalities follow from taking S=Nd=N
in Proposition 2.5. Since NghN 2i is distributive and since the rst statement implies
that GphN 2i is an abelian group we obtain the nal statement.
Thus a distributive nearring (N;+; ) with more than one element contains a subring
with more than one element. Under mild hypotheses (N;+; ) is often itself a ring as
the next two corollaries indicate.
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Corollary 2.7. A distributive nearring (N;+; ) such that the multiplication is a sur-
jective map from N  N on N and thus; in particular; a distributive nearring with a
multiplicative (left or right) identity is a ring.
Corollary 2.8. A distributive nearring (N;+; ) with an element c2N such that the
left translation N ! N : x 7! c  x or the right translation N ! N : x 7! x  c dened
by c is injective; i.e. such that c is not a left or not a right zero divisor; is a ring.
Proof. If c is not a left zero divisor we have by Proposition 2.6 for all b; d2N
c  (b+ d) = c  b+ c  d= c  d+ c  b= c  (d+ b)
hence b+ d= d+ b.
Proposition 2.6 can be improved as follows because it has a converse for d.g. near-
rings.
Theorem 2.9. Let (N;+; ) be a nearring d.g. by the semigroup (S; ). Then the fol-
lowing are equivalent:
(i) (N;+; ) is distributive;
(ii) NghN 2i=GphN 2i=GphS2i=NghS2i is a ring;
(iii) NghN 2i=GphN 2i=GphS2i=NghS2i is an abelian nearring;
(iv) the elements of N 2 commute under addition;
(v) the elements of S2 commute under addition.
Proof. (i) ) (ii) follows from Propositions 2.5 and 2.6.
(ii) ) (iii) is immediate.
(iii) ) (i): For a; b; c2N we must show (a + b)  c = a  c + b  c. By Proposition
2.2 we have c=
Pm
i=1 isi, where i =1; si 2 S for i= 1; : : : ; m. It follows using that
all si are distributive and that (GphN 2i;+) is abelian
(a+ b)  c= (a+ b) 
 
mX
i=1
isi
!
=
mX
i=1
i((a+ b)  si) =
mX
i=1
i(a  si + b  si)
=
mX
i=1
i(a  si) +
mX
i=1
i(b  si) = a  c + b  c:
(iii) , (iv) and (iii) , (v) are immediate.
As abelian nearrings (N;+; ) satisfy (iv) in Theorem 2.9, the next corollary is
immediate.
Corollary 2.10. An abelian d.g. nearring is a ring.
We conclude this series of results with a theorem about d.g. nearrings with identity
which is analogous to Theorem 2.9 and which we shall apply in the next section.
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Theorem 2.11. Let (N;+; ; 1) be a nearring with identity 1 d.g. by the semigroup
(S; ). Then the following are equivalent:
(i) (N;+; ) is a ring;
(ii) (N;+; ) is distributive;
(iii) (N;+; ) is abelian;
(iv) c + d= d+ c for all c; d2 S;
(v) c + 1 = 1 + c for all c2 S.
Proof. (i) , (ii) is contained in Corollary 2.7.
(i) , (iii) is Corollary 2.10.
(iii) , (iv) is clear as N =GphSi by Proposition 2.2.
(iii) ) (v) is immediate.
(v) ) (iv): We have for all c; d2 S Nd using (v) several times
c + d+ cd+ 1= 1 + c + d+ cd= (1 + c)  1 + (1 + c)  d= (1 + c)  (1 + d)
= (1 + c)  (d+ 1) = (1 + c)  d+ (1 + c)  1 = d+ cd+ 1 + c
= d+ cd+ c + 1 = d+ c  (d+ 1) + 1 = d+ c  (1 + d) + 1
= d+ c + cd+ 1
from which follows c + d= d+ c.
We close this section with some remarks.
The concept of a d.g. nearring as an abstraction of endomorphism nearrings makes
it possible to formulate and prove several statements about endomorphism nearrings
in a uniform way as general results about d.g. nearrings. By this abstraction one is
naturally led to the question as to whether arbitrary d.g. nearrings or at least certain
d.g. nearrings with some extra properties can be embedded in endomorphism nearrings
on suitable groups. Up to now there are only partial answers to this question, the
general case is still waiting for a resolution. For more details on this area of problems
see [10].
Finally, we mention that the concept of a d.g. nearring can be generalized to that of
a bilinearly generated nearalgebra, see [16].
3. Endomorphism nearrings on nonabelian groups which are rings
After we have given in the last section some general results about d.g. nearrings, by
which were established however also some fundamental properties of endomorphism
nearrings, we come back directly to our main topic namely to endomorphism nearrings.
In this section we want to discuss a problem area concerning endomorphism nearrings
which, as we will see, can also be viewed as a problem area of group theory. We
will consider the question of whether there exist nonabelian groups G such that the
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endomorphism nearrings I(G) or A(G) or even E(G) are rings. We begin with a
denition.
Denition. A group (G; ) is called an E-group (resp. A-group, resp. I-group) if E(G)
(resp. A(G), resp. I(G)) is a ring.
Of course, E-groups are A-groups and A-groups are I -groups. Clear is that abelian
groups are E-groups. But are there any nonabelian E-groups? If yes, can one character-
ize these groups in some way or, at least, can one give some good necessary conditions
for a group to be an E-group? The same questions can be asked for A-groups and for
I -groups.
As any of the three endomorphism nearrings is a nearring with the identity idG d.g.
by some semigroup Theorem 2.11 can be applied directly. For the full endomorphism
nearring (E(G);+; ), for example, we get thus the following.
Proposition 3.1. For a group (G; ) are equivalent:
(i) (G; ) is an E-group; i.e. (E(G);+; ) is a ring;
(ii) (E(G);+; ) is distributive;
(iii) (E(G);+; ) is abelian;
(iv) for all endomorphisms ; 2EndG we have
x  x= x  x for all x2G; i:e: + = + ;
(v) for all endomorphisms 2EndG we have
x  x = x  x for all x2G; i:e: + idG = idG + :
Compare (iv) with the three similar looking conditions in Proposition 1.2. Thus
E-groups are groups (G; ) with the property that any two endomorphic images of an
arbitrary element x2G commute which is equivalent to the property that an arbitrary
element x2G commutes with all of its endomorphic images. It should be clear, that
analogous statements hold for A-groups and for I -groups.
To answer the rst of the above questions we mention the paper of Faudree [4]
in which the rst examples of E-groups were discovered. His E-groups are certain
p-groups on four generators having order p8 and exponent p2. This paper inspired the
later successful hunt for more E-groups and subsequent attempts to characterize them.
But up to now there are only partial answers to the second of the above questions.
General characterizations of E-groups or A-groups are not known. Also, as far as we
know, no A-group is known that is not an E-group. For further details and literature
on this problem area we refer again to Malone [10].
In the following, we want to show that the class of I -groups is a variety of groups
which can be characterized by several equivalent conditions and which was rst inves-
tigated independent of nearring theory already in 1942 by Levi [8]. The connection to
the problem of I(G) as a ring was rst established in a short note by Chandy [2] in
1971.
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We use the following notation. If (G; ) is a group then c 2 InnG is the inner
automorphism dened by c2G. As usual the image of x2G is written as xc = xc =
c−1xc. The commutator of c and x is [c; x] = c−1x−1cx= c−1cx = x−cx. First, we write
down Theorem 2.11 for the inner automorphism nearring (I(G);+; ).
Proposition 3.2. For a group (G; ) are equivalent:
(i) (G; ) is an I-group; i.e. (I(G);+; ) is a ring;
(ii) (I(G);+; ) is distributive;
(iii) (I(G);+; ) is abelian;
(iv) for all c; d2G we have
xc  xd = xd  xc for all x2G; i:e: c + d = d + c;
(v) for all c2G we have
xc  x = x  xc for all x2G; i:e: c + idG = idG + c:
Thus I -groups are groups (G; ) with the property that any two elements of any
conjugacy class commute. This can also be expressed by saying that the normal closure
xG of each x2G is an abelian group. We now list a series of group equations each
of which is equivalent to the equation in (v) of Proposition 3.2, i.e. each characterize
I -groups.
Proposition 3.3. For a group (G; ) the following equations are equivalent:
(i) xc  x = x  xc;
(ii) [c; x] = [x−1; c];
(iii) [c; x]  x = x  [c; x];
(iv) [[c; x]; x] = 1;
(v) [[c; x]; x] = [c; [x; x]];
(vi) [x; c] = [c; x−1];
(vii) [c; x]−1 = [c; x−1];
(viii) [x; c]−1 = [x−1; c].
Proof.
xc  x = x  xc , x−c  x = x  x−c
, c−1x−1cx = xc−1x−1c
, [c; x] = [x−1; c] (ii)
, [c; x]  x = [x−1; c]  x
, [c; x]  x = x  [c; x] (iii)
, [[c; x]; x] = 1: (iv)
(iv) , (v) is clear.
(ii) , (vi) , (vii) , (viii) is also clear.
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(iv) is called the 2-Engel condition (see, for example, [7]). (v) is the alternating
law. A group (G; ) satisfying (iv) for all c; x2G is called in group theory a 2-Engel
group. Thus I -groups are the same as 2-Engel groups.
Proposition 3.4. A group of exponent 3 is an I-group.
Proof. For c; x2G we have (cx)3 = 1 which is equivalent to cxc= x−1c−1x−1. Using
this equation three times we obtain as c2 = c−1
xc  x= c−1  xcx = c−1  x−1  x2cx2  x−1
= c−1  x−1  c−1x−2c−1  x−1 = c−1  x−1c−1x−1  x−1c−1x−1
= c−1  cxc  cxc = xc−1xc = x  xc:
We remind that a group (G; ) is called nilpotent of class 62, if for all c; x; y2G
we have [[c; x]; y] = 1, i.e. if G0Z(G) (the commutator subgroup G0 is contained
in the center Z(G) of G), i.e. if (InnG; )=(G=Z(G); ) is an abelian group. Thus a
group which is nilpotent of class 62 satises all the equations in Proposition 3.3, i.e.
is an I -group. But more can be said.
Proposition 3.5. For a group (G; ) are equivalent:
(i) (I(G);+; ) is a commutative ring;
(ii) (G; ) is nilpotent of class 62; i.e. (InnG; ) is an abelian group.
Proof. (i) ) (ii) is clear as (InnG; ) is a subgroup of the semigroup (I(G); ).
(ii) ) (i): If (G; ) is nilpotent of class 62 then I(G) is rst of all a ring.
Furthermore (by Proposition 2.2) I(G) = GphInnGi is d.g. by the commutative group
(InnG; ). This implies using both distributive laws and the commutativity
of the addition in the ring (I(G);+; ) that the multiplication in I(G) is also
commutative.
In [15] is contained a table which shows for all 862 nonabelian groups G of order
jGj6100 the order jI(G)j of I(G) and the order jI(G)0j of the commutator subgroup
I(G)0 of (I(G);+). For 211 of the 862 listed groups this table shows jI(G)0j=1 which
means (by Proposition 3.2) that (I(G);+; ) is a ring. A more detailed check revealed
that in these 211 cases G0Z(G), i.e. that (I(G);+; ) is in fact a commutative ring.
Including this time also the 185 abelian groups G of order jGj6100 for which we
have seen that I(G)=P(G) is the prime ring on G, we thus know that for 396 of the
1047 groups G of order jGj6100 the inner automorphism nearring (I(G);+; ) is a
commutative ring and that there is no group G of order jGj6100 such that (I(G);+; )
is a noncommutative ring.
The last remark can give one the impression that nite I -groups are always nilpotent
of class 62. This is not true but it does happen ‘very often’. This we can say not
only because of the above numerical evidence but also because one can extract from
the paper of Levi [8] the following result.
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Theorem 3.6. Let (G; ) be an I -group. Then (G; ) is nilpotent of class 63. Moreover;
[[c; x]; y]3 = 1 for all c; x; y2G. In particular; if G has no elements of order 3 then G
is even nilpotent of class 62.
To apply the last part of Theorem 3.6 once we consider the 256 nonabelian groups
G of order jGj=64. The table in [15] shows that 117 of them are I -groups. Because 3
is not a divisor of 64 = 26 Theorem 3.6 implies that these 117 groups are nilpotent of
class 2 precisely and thus that the rings (I(G);+; ) on these groups are commutative.
We close this section by describing a family of nite I -groups which are nilpotent
of class 3 precisely. These are the so-called free Burnside groups of exponent 3, i.e.
the free groups of the Burnside variety B3 of exponent 3 which is the variety of all
groups of exponent 3 dened by the single law x3 = 1. We denote the free Burnside
group of exponent 3 and of nite rank n2N by Fn(B3) = B(n; 3). By Proposition 3.4
the group B(n; 3) is an I -group.
In 1933 Levi and v. d. Waerden [9] improved the original solution of Burnside [1]
of the Burnside Problem for the exponent 3 by proving the following formula for the
order of B(n; 3).
Theorem 3.7. The group B(n; 3) is a nite I-group and has order 3h(n) where h(n) =( n
1

+
( n
2

+
( n
3

.
Later in 1942 Levi proved in the already mentioned paper [8] the following result.
Theorem 3.8. For n>3 the group B(n; 3) is nilpotent of class 3 precisely; thus
I(B(n; 3)) is a noncommutative ring. On the other hand; B(2; 3) is of nilpotency class
exactly 2.
Thus, for example, B(3; 3) is an I -group of order 37 = 2187 such that I(B(3; 3)) is
a noncommutative ring.
4. Endomorphism nearrings on permutation groups and on linear groups
A further problem area concerning endomorphism nearrings, the one with the greatest
number of papers, is the investigation of the structure of these nearrings for various
groups or classes of groups. In particular, one tries to determine the order of the
endomorphism nearrings on nite groups. The rst important result which also opened
up this line of research was obtained in 1958 by Frohlich [6]. He showed the following
theorem.
Theorem 4.1. Let (G; ) be a nite nonabelian group. Then are equivalent:
(i) (G; ) is simple;
(ii) I(G) = A(G) = E(G) =M0(G).
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This very fundamental result implies that for a nite simple nonabelian group G
every map 2M (G) = M0(G) + Mc(G) is a nite sum of inner automorphisms and
one constant map on G. This means in particular that all maps of G in G can be
described by the group operations in (G; ).
Theorem 4.1 giving a complete characterization of all groups G with the coincidence
I(G)=M0(G) suggested the following ve further questions. For which (nite) groups
G do coincide any two nearrings in the chain I(G)A(G)E(G)M0(G)? Note that
Theorem 4.1 contains also a formula for the order of the endomorphism nearrings on
a nite simple nonabelian group as (ii) is equivalent to
(ii)0 jI(G)j= jGjjGj−1.
Starting in 1970 there has been a continuing investigation of endomorphism near-
rings. For a survey of this development we refer to the book of Meldrum [12], to
Malone [10] and to Saad et al. [14]. Most of these investigations are restricted to
certain families of groups. A complete solution to the general problem to characterize
all groups whose endomorphism nearrings coincide (or at least two of them coincide)
seems to be far away.
In this section we present now some recent work which we did in collaboration with
S.A. Syskin. We will give three general theorems on endomorphism nearrings on cer-
tain nite groups each of which can be viewed as a generalization of the Theorem 4.1
of A. Frohlich. The main reason for selecting for this paper just these three theorems
is that by applying them together with Theorem 4.1 and by using all our results on en-
domorphism nearrings on certain exceptional groups, about which we reported in Saad
et al. [14], we can prove all coincidences which hold for the following families of
groups:
1. Symmetric groups Sn of degree n.
2. Alternating groups An of degree n.
3. General linear groups GL(n; q).
4. Special linear groups SL(n; q).
5. Projective general linear groups PGL(n; q) = GL(n; q)=Z(GL(n; q)).
6. Projective special linear groups PSL(n; q) = SL(n; q)=Z(SL(n; q)):
7. QGL(n; q) :=GL(n; q)=Z(SL(n; q)):
8. Symplectic groups Sp(2n; q):
Here of course n is an arbitrary natural number and q is a prime power. All notation
except QGL(n; q) is standard in group theory, see for example Huppert [7] where also
all properties we use for these groups can be found.
We have included the groups QGL(n; q) under 7. not only because they are the
only groups in the above list where the general Theorem 4.7 can be applied, but also
because the results about these groups are needed in the proofs of the results about
the most ‘complex’ groups in the list, the general linear groups.
Denoting by K =GF(q) the Galois eld with q elements we have that
Z(GL(n; q))=K = Knf0g
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is a cyclic group of order q− 1 and that
Z(SL(n; q)) = SL(n; q) \ Z(GL(n; q))= fa2K j an = 1g
is a cyclic subgroup of order d := gcd(q− 1; n).
We did not mention in the list the groups
QSL(n; q) :=SL(n; q)  Z(GL(n; q))=Z(GL(n; q))
because there is the canonical isomorphism
QSL(n; q) = SL  Z(GL)=Z(GL)=SL=SL \ Z(GL) = SL=Z(SL) = PSL(n; q):
The groups in 2. and 6. are those that can be treated directly with Theorem 4.1
because they are simple nonabelian except for a few cases which have to be treated
separately. The rst coincidences we thus obtain are for the alternating groups.
Proposition 4.2. All alternating groups An satisfy for n>5
I(An) = A(An) = E(An) =M0(An):
Furthermore;
I(A4) 6= A(A4) = E(A4) 6= M0(A4)
and
I(A3) = A(A3) = E(A3) = End A3 = GF(3) 6= M0(A3):
For detailed results about A4 containing also the above we refer to Theorems 3
and 4 of [14].
When considering now the other families we also always have to treat a few cases
separately. In the following, we never mention explicitly the trivial case n = 1. Also,
one exceptional case in all remaining families is the same, because for (n; q) = (2; 2)
in 3.{8. we have a group isomorphic to S3. For this smallest nonabelian group it is
true that
I(S3) = A(S3) = E(S3)
contains 54 elements (see for example [14]).
As PSL(n; q) is simple nonabelian for n>2 except PSL(2; 2)= S3 and PSL(2; 3)=A4
Theorem 4.1 gives us the following coincidences for the projective special linear
groups.
Proposition 4.3. All projective special linear groups PSL(n; q) satisfy
I(PSL(n; q)) = A(PSL(n; q)) = E(PSL(n; q)) =M0(PSL(n; q))
except PSL(2; 2)= S3 and PSL(2; 3)=A4.
To treat the two series of groups 1: and 5: we now present our rst generalization of
Theorem 4.1. Actually, the origin of Theorem 4.4 were some common features which
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showed up when investigating the symmetric groups and the projective general linear
groups.
Theorem 4.4. Let (Q; ) be a nite group with a simple nonabelian normal subgroup
H and with cyclic factor Q=H . Furthermore; suppose that the center Z(Q) of Q is
trivial. Then it is true that
I(Q) = A(Q) = E(Q):
The proof of Theorem 4.4 together with Theorem 4.7 is long and requires a whole
paper of its own which is still to be published.
Now a symmetric group Sn with n>5 has An as simple nonabelian normal subgroup
with index 2. Furthermore, the center of a symmetric group Sn with n 6= 2 is trivial.
Thus Theorem 4.4 can be applied if n>5. For the solvable group S4 we refer to
Theorem 1 of [14]. All our conclusions can be summarized in the next theorem.
Theorem 4.5. All symmetric groups Sn satisfy
I(Sn) = A(Sn) = E(Sn):
We remark that the above coincidence for Sn with n>5 was already proved by
Meldrum [11] in 1978.
Theorem 4.4 can also be applied to the projective general linear group PGL(n; q)
with n>2 except PGL(2; 2)= S3 and PGL(2; 3)= S4, because QSL(n; q)=PSL(n; q) is
a simple nonabelian normal subgroup of PGL(n; q) such that PGL(n; q)=QSL(n; q) is
isomorphic to the cyclic factor group K=nK, where nK denotes the subgroup of all
nth powers of the cyclic group K. Furthermore PGL(n; q) has a trivial center. Now
Theorem 4.4 together with the already mentioned results about S3 and S4 implies the
following coincidence for the projective general linear groups.
Theorem 4.6. All projective general linear groups PGL(n; q) satisfy
I(PGL(n; q)) = A(PGL(n; q)) = E(PGL(n; q)):
In the next general theorem we consider a larger class of groups than in Theorem 4.4
by dispensing with one hypothesis.
Theorem 4.7. Let (Q; ) be a nite group with a simple nonabelian normal subgroup
H and with cyclic factor Q=H . Then it is true that
I(Q) = A(Q):
We can apply Theorem 4.7 to the group QGL(n; q) with n>2 except QGL(2; 2)= S3
and QGL(2; 3)= S4, because PSL(n; q) is a simple nonabelian normal subgroup of
QGL(n; q) such that QGL(n; q)=PSL(n; q) is isomorphic to the cyclic group K.
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Theorem 4.8. All groups QGL(n; q) satisfy
I(QGL(n; q)) = A(QGL(n; q)):
Our third generalization of the theorem of A. Frohlich deals with quasisimple groups
with cyclic center. We remind the reader that a group (S; ) is called quasisimple if it is
a perfect group, i.e. if it coincides with its commutator subgroup S 0 and if the central
factor group S=Z(S) is a simple nonabelian group. The following theorem contains in
addition to the statement about the coincidence also a description of the structure and
the order of the endomorphism nearrings on quasisimple groups with cyclic center.
Theorem 4.9. Let (S; ) be a nite quasisimple group with cyclic center Z=Z(S). Let
m := jZ j be the order and r := [S : Z] the index of the center. Dene R := I(S) and
N := f2R j SZ; Z= 1g. Then it is true that
R= I(S) = A(S) = E(S):
Furthermore; N is an ideal of R such that N  N = 0 and R=N is isomorphic to
I(S=Z) Zm =M0(S=Z) Zm;
the direct product of the nearring M0(S=Z) on the simple nonabelian central factor
group S=Z and the ring Zm of integers modulo m. The order of N is jN j=mr−1 and
so the order of R is jRj= jSjr−1  m.
The proof of Theorem 4.9 is also long and will be published in a paper entitled
‘The nearring generated by the inner automorphisms of a nite quasisimple group’
by S.A. Syskin and the authors.
Here we only apply Theorem 4.9 to the two families of groups 4. and 8. By
II.6.10 and II.6.13 of Huppert [7], a special linear group SL(n; q) with n>2 except
SL(2; 2)= S3 and SL(2; 3), i.e. a non-solvable special linear group is a quasisimple
group with cyclic center. Applying this and Theorem 4.9 and for the exceptional case
SL(2; 3) Theorems 7 and 8 of [14] we get the following coincidences for the special
linear groups.
Theorem 4.10. All special linear groups SL(n; q) except SL(2; 3) satisfy
I(SL(n; q)) = A(SL(n; q)) = E(SL(n; q)):
Furthermore;
I(SL(2; 3)) 6= A(SL(2; 3)) = E(SL(2; 3)):
For detailed results about SL(2; 3) we refer to Theorems 7 and 8 of [14].
Theorem 4.9 can also be applied to symplectic groups, because by II.9.20 and II.9.22
in Huppert [7], a symplectic group Sp(2n; q) with 2n>2 except Sp(2; 2)= S3 and
Sp(2; 3)=SL(2; 3) and Sp(4; 2)= S6 is a quasisimple group. Furthermore, all symplectic
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groups have a cyclic center of order 1 or 2 by II.9.14 in [7]. Thus we obtain the
following result.
Theorem 4.11. All symplectic groups Sp(2n; q) except Sp(2; 3) = SL(2; 3) satisfy
I(Sp(2n; q)) = A(Sp(2n; q)) = E(Sp(2n; q)):
Of course, with Theorem 4.9 we can also obtain information about the structure and
the order of the endomorphism nearrings occurring in Theorems 4:10 and 4.11.
We close this paper with giving two theorems about the coincidence for the general
linear groups, the most complicate case of all we considered here. The proof of these
last two theorems is quite long and will be published in a paper entitled ‘The nearring
generated by the automorphisms of a nite general linear group’ by S.A. Syskin and
the authors. The proof uses Theorem 4.6 about the projective general linear groups,
Theorem 4.8 about the groups QGL(n; q), Theorem 4.10 about the special linear groups
and for the exceptional case GL(2; 3) Theorems 5 and 6 of [14].
Theorem 4.12. All general linear groups GL(n; q) satisfy
I(GL(n; q)) = A(GL(n; q)):
Theorem 4.13. Let GL(n; q) be a general linear group with n>2. Then it is true that
A(GL(n; q)) = E(GL(n; q)) if and only if q= 2:
When proving Theorems 4:12 and 4.13 one has to separate again the two exceptional
cases GL(2; 2)= S3 and GL(2; 3) from the general case, i.e. from the non-solvable case.
For detailed results about GL(2; 3) we refer to Theorems 5 and 6 of [14].
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